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Abstract

This paper analyzes the 2019 measles epidemic in the United States through a developed mathematical model. We simulated our

model in MATLAB using differential equations and found that in vaccinated populations, viral spread was severely hindered when

compared to populations that were unvaccinated. The lack of viral prevalence was backed up by the basic reproduction number being

less than one (R0 = 0.03976).
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Introduction

Measles is a highly infectious virus that results in fever, rash,
cough, conjunctivitis, and in about four days after symptom onset,
rashes all over the skin and in the mouth [1]. More severe symp-
toms that can result in death are pneumonia and encephalitis,
however, both are rare with only 6% of cases and 0.1% of cases of
each complication occurring per measles case [1,2]. Another com-
plication that lasts after the infection is immunosuppression [3].
The diminished immune system leaves a person more susceptible
to opportunistic infection. But once the person recovers, they will

not be able to get measles again [4].

The symptomatic period results in a viral spread occurring over
an eight-day period [2]. Measles is spread by droplet nuclei, mean-
ing that the virus is able to spread through the air which is the
main contributor to its high infectivity [2]. Due to the disease being
so infectious, those that have it should be isolated from others in

order to prevent widespread viral spreading [1].

Fortunately, there is a vaccine in order to prevent the spread
of the infection within a population. The measles-mumps-rubella
(MMR) vaccine is a two-dose vaccine [3]. This means that a per-
son must get both doses in order to receive the full benefits of the
vaccine. That being said, a single dose is still effective for prevent-
ing measles. According to a study by Giuseppe La Torre, those that
were unvaccinated had 0.4% of the participants end up contract-

ing measles, whereas only 0.06% of the participants in the single

dose group had gotten measles [3]. Those that got both doses had
no cases of measles [3]. The vaccine is usually given in childhood,
and although measles is thought of as childhood disease, over half

of the cases occur in adults [2,3].

From this information, we developed a model to analyze the
2019 United State measles epidemic. This epidemic was the worst
outbreak of measles in 27 years with a majority of the cases (89%)
occurring in those that were unvaccinated [5]. There was a broad
age range of those infected with most being in children of various
ages, but 29% were adults [5]. Although there were some reports

of more serious complications, no deaths had been reported [5,6].

Derivation of model formation

Figure 1: The measles model.
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Description of model parameters

Table 1: Description of the parameters within the measles model.

Model formation

The model that we made is a basic SEIR model with the addition
of a hospitalized class (Q) and two vaccination classes to repre-
sent each vaccine dose with V, being the first dose, and V, being
the second. Our model starts in the susceptible group (S), these
people are able to be infected with measles (through the infectivity
rate of ), or they can receive their first vaccine dose (o). Those
that get the first vaccine dose can become infected (&) or recieve
the second dose (o,). Those in V, will stay there unless they die
or they become susceptible to infection (&,). On the disease side
of the model, after entering the exposed class (E), they will have
to wait for incubation period of measles to pass (1), before they
become infectious. Once infectious (I), they can either recover at
home with no medical intervention (o) or go to the hospital (y)
and recover there (v). Measles can be fatal so the infectious groups
both have an additional death parameter other than natural death

(), as death due to measles (9).

Equations forms based on derived model

ds

i BuNy — BIS + &4Vy + &,V — uS + pR
dE

i pIS —nE — uE

= BIS — (n +u)E

di

i nE —al —yl — (u+6)I
=nE —(at+y+pu+d)l

dQ

dr I —vQ — (u+8)Q
=yl—(v+u+8)0Q

dR

P vQ —uR +al — pR
=vQ+al —(u+p)R

dV,

ar 0.5 — oV, — g V) — uVy
= S — (o2 +& + )V,

dv,

ar = oV, — &gV, —ul;

= aVi — (e + WV,
Ny(t) = SO+ V() + Vo () + & +1(t) +Q(t) + R(t)
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Stability of the model
We were able to prove that the model is globally and locally sta-

ble for the disease-free equilibrium. All of our parameters are posi-
tive or non-negative therefore all parameters must remain positive
or non-negative for positive initial conditions for t = 0. From the
model equations we have:
ANy

ar Bn — uNp —SI = SQ < By — uplVy,
The closed set
D={(S.EI,Q,R,V;,V,) €R,}

Bn

N, <=L
"

is a feasible region for the graphs.

Basic reproduction number
The basic reproduction number is the amount of secondary in-
fectious cases caused by a single infectious case within a suscep-

tible population. The basic reproductive equations are as follows:

1 B

RV = - = — 10
07 s T (rmlaty+u+s)

R} (value) = 0.03976

Qualitative analysis
Disease-free equilibrium

Theorem 1: The system (1) asymptotically stable for disease-free

equilibrium, when:

RE <1

Proof: Jacobian matrix of the system is as follows:

1 0 B 0 p & &
B ~(m+w 0 0 0 0 0
0 7 —(@+y+p 0 0 0 0
+8)
= 0 0 y ~w+u O 0 0
+6)
0 0 a v —(u+p) O 0
a 0 0 0 0 —(oy e +p) O
0 0 0 0 0 I3 —(e2+ 1)

Due to large matrix, we have considered the block matrix. The

diagonals for the Jacobian matrix of system 1:

A f| KO

oA -+

A = |f(a+y+u+5)0
Ply —rrptd)
A — —(u+p)0

¢ 0 —(op+ &+ 1)
Ay = —ley +ul

For calculation of 4 A;:

Trace (A)) =-(u + ¢ + 1)

det (4;) = p(n +p)

AA (1) =+ (u+n+ Ot +u(n + p)
=+ (t+n+p
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For calculation of 4 A,

Trace (A)) =-(a +y+u+6+v+pu+46)

det(4,) = (a+y+pu+6)(v+pu+d)
AA,)=t*+(a+y+u+S+v+pu+Sit+(a+y+u+8) (v+u+48)
=(t+tat+y+pu+d)(E+v+put+d)

For calculation of A A,

Trace (43) =-(g +p + o, +& +p)

det(4;) = (u+p) (o +& +p)

AA () =t*+(u+p+o,+e +Wt+(L+p) (0, + &, + 1)
=(t+u+p)(t+o,+& +u)

AA () =t+ (g + )

and for the full Jacobian

AA) =4 A, (0. 44,(0). 4 A3(1) . 4 Au(D)
=t+t+n+wt+a+y+p+8)(E+v+u+8)(t+u+p)
(t+o,+e, +p(t+e+ 1)

The eigen values are:

A = —p

A = —+u

Ay = —(a+y+pu+38)
Ay = —@W+pu+46)

As = —(p+p)

Ag = —(o; +&,+p)
A; = —(e,+ 1)

Hence all eigen values 1;, 1, 15, 44, 15, 4, A, are negative, when
R < 1.This proves that our system of human population is locally

asymptotically stable when R§ < 1.

Global stability of disease-free equilibrium

We show the global stability of the model given by kamkang and
Sallet [12]. In this method, to show global stability, the model has
to satisfy the five hypotheses, which has been summarized briefly

in Appendix.

Theorem 2: States that the system (1) in globally stable for dis-

ease free equilibrium when R "<1.

Proof: We have shown above that:
D= {(S,E,1,Q,RV,V,) €ER]:Ny < ﬁ}is bounded and positively in
u
variantin R 7, where the hypothesis A}, and A, are satisfied.

In our model
(5, Ql R, Vlt VZ)
(£.1)

X = (X1, %;)

X1
X, =
The matrix 4, (x) is given by

_ —(+p) BS
Ax(x) = [1] —(a+y+p+s
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Asrequested by hypothesis A,, forany ¥ € R}, matrix s irre-
ducible. Now for hypothesis A, there is a maximum and uniquely
realized in R 7 if S = 1 at DFE. The maximum matrix J,, the block of

Jacobian at DFE corresponding to the matrix A, (x) is given by

—-n+wp

2= [TI —(a+y+u+sd

For hypothesis A, the diogonal matrix A ?is bounded by the
matrices

A2 = [ —(11 + ALL) B ]
1 n—(a+y+u+é

Which is the maximum. The maximum is realized at each point

at manifold p(E =0, I = 0). This implies that these points belong to

the manifold with equation E = I = 0. Thus, hypothesis A, is satis-

fied.

Now for hypothesis A,, the condition a(A,,?) < 1. Thus hypoth-
esis A, is equivalent to R "<1. This proves that the model is globally

stable for disease- free equlibrium when R "<1.

Endemic equilibrium

Besides the disease-free equilibrium point we shall show that
the formulated model (1) has an epidemic equilibrium point. The
endemic equilibrium point is a positive steady state solution where
the disease persists in the population. Solving the system of equa-
tions (1) at endemic steady state resulted in
P = (S, E*, I",Q", R*, V', V5)
E">01">0,Q">0

Theorem 3: The unique boundary equilibrium of the model equa-
tions (1) is globally asymptotically stable in (1) wheneverR ">1.

Proof: Considering the model equations (1) and R">1, so that
the associated unique endemic equlibrium P* of the model exists.
We consider the following non-linear Lyapunov function of Cohn
Volterra tvpe:

Ai

*

Xi

n
Z; = Zci()(i_)(f*_)(i*ln

i=1

Where y is the variables and C,are constants. This criterion has
been used in establishing the stability or otherwise of many dis-

eases’ models and also present in [13-15].
LetS>S"E>E"I>I,0>0Q"R>RV, >V V,>V;

Z, =85-8"-8"L il
1 = "S*

®

zi

BNy, — BIS + &V, + €,V — uS + aR)

=(

For the equilibrium relation:

ByN, = BI'S" — eV, — &V, +uS" — ak
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S =S
71 = —(T)[ﬁI*S* — eV, — eV, + uS* —aR — BIS + gV, + &V, —

*

5°—S
zl = —( < )[ﬁI*S‘+ﬁIS+/,LS*—uS]

A
le:_( S

SoZl <0

S) [BA'S —IS+u(S* —-S1<0

Z, = E—-E" E*LE
1= nE*

E"—E
- (== 115 = 0+ ]
For the equilibrium relation:

BI'S”
T o+ H)]

N
LalaY
Il

7} s—(E*—E)[

Now form study of equation 1 at equilibrium equation.

pI's” = (m+wkE"

s _mtw
E* BI
S0z} = —(E" = B) [P — (n + ]
Zi <0
I"—1
Z3 =—( i )[nE—(a+y+u+5)I]

For equilibrium

= (a+y+u+dr
E" (a+y+p+0)
o n

nE
=" =D~ (@+y+p+0)]

zi <~ = DT~ (@ +y +u+ )]
Zi1<0

Q
Z,=0-Q B

Zl = —(Q*Q_ Q) [vitv +u+ 8)Q]

For equilibrium position

= (+pt+dQ
" = @+u+d)
¢ v

[v(v+,u+ &)
Z; = Q| +u+d
Zi<0
Zo = R—R —R'In>
s = R—K —Rings
R"—R

24 = (=) e +al - @+ pR]
zis - B[ )

For equilibrium position

v +al” = (u+ p)R”
v+ al”
— R (e +p)

Zi < —(R" = R)[(u+p)— (u+p)]
Zi<0

|41
Zo =V, -V, —VLn—

v
V=7
Zi _( : ) [(0—17 +é& + ."‘)V1]
. g, S tal
Zp < -V = Wy) [T - (0'1, +e& + #)]
1

For equilibrium position

0 S = (ot + )V
a §"
%%
Zp < -y — V1)[(0'2_ e tu)— (o +e + #)]

Zi<0

(o2 + &+ 1)

v,
Z, = Vo= Vs —Vyiln—
VZ

_ (Vzk -V

Z3 v, ) [Jz,Vl — (e + F‘)VZ]

7<= =) [Pt - e+ )

For equilibrium position
oVl = (a+uV;

o VY
vy

=& tu

—(V3 =Vo)l(e2 + 1) — (&2 + )]
Z1 <0

Therefore, Z defines:

L= Y12 = E?:lci(Xi_Xi*_X;lnj:_;
L=y +Z, v 23+ Zy+ 2725+ 725+ 27,
Thus 2! = Y., 7}

Z' < 0for R} > 1.
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In a Lyapunov function for system (1), arbitrary constant C, can

be chosen from R 7 and any linear combination of Z would be a ly-

apunov function for the function for the system. In D and it follows

by Lesolle’s Invariance Principle [16]. That every solution to the

equations of the model approaches the associated unique endemic

equilibrium (P*), of the model as t — oo for R ">1.

Numerical simulation
Numerical parameter values
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Table 2: Measles simulation parameter values.

Results and Discussion

Figure 2a and 2b: Analysis of measles in the
United States population.

In the first set of simulations we are analyzing the actual United
States measles epidemic with the parameters given in table 2. Fig-
ure 2a includes all of the groups, however, the susceptible and vac-
cinated groups overshadow all of the others. So, in figure 2b we
focused only on the groups that came into contact with the measles
virus. We see that the peak of the infectious population occurs
around nine to ten days while the peak exposed population occurs
around four to five days. This gives our simulation an incubation
period of approximately four to six days, which is slightly less than

the actual incubation period at 8 - 12 days [7]. The recovered group

Figure 3a and 3b: Analysis of measles in the
unvaccinated United States population.

213
continues to grow past the simulated month, beginning to plateau

out towards the end. Showing that the recovered group only grows
and never shrinks represents the life lasting immunity to measles

after the infection subsides [4].

For figures 3 we used the same graphs as we did for figure two
as a means of comparison. We see that vaccinations had a substan-
tial effect on the spread of measles. With figure 2b we only saw
about 1.26 thousand people infected with measles and over 4.5
thousand recovered. Figures 3 show that the infectious population
would have reached up to 7.725 million people at its peak if no one
had received the MMR vaccine. The comparison between figures
2 and 3 show just how important the role of vaccination is when
dealing with a highly infectious disease. Vaccinations had resulted

in over a 613,095% decrease in infectious measles cases.

Conclusion

We had developed a SEIQRV,V, model in order to analyze the
2019 measles spread in the United States. Using CDC data and vi-
ral data, we proved that our measles simulation followed the same

time frames of the actual virus and similar case numbers.

With the two examples shown, we found that vaccinations were
extremely important in limiting the spread of the virus. In the actu-
al population only 1,260 people were infected at the disease’s peak,
but with the unvaccinated population we saw that number rise
to 7.725 million. Such low numbers in the actual population are
backed by the basic reproduction number coming out to 0.03976
which is less than 1. This number and the graphs both show that
measles has a difficult time spreading when most people are vac-

cinated against the virus.
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