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Abstract

The solution of direct and inverse problems arising in investigations of the internal gravity waves (IGWs) dynamic via recording 
of the Doppler frequency shift, is presented. The direct problem is to determine the response of the Doppler shift to IGWs in the re-
gion of the radio wave reflection point; the inverse problem is the determination of IGW parameters from experimental data on the 
Doppler frequency shift. Solutions were obtained in an approximation of the isothermal ionosphere for the heights of the F-region. 
They are presented in a form convenient for their practical use and can have a wide range of applications, including the detection of 
soliton-like wave structures in the F-region of the ionosphere.
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Introduction

In experimental investigations of the ionospheric dynamic 
processes by use of various sounding methods, one of the main 
conceptual problems is an adequate interpretation of the tempo-
ral variations of the detected signal. In particular, since in most 
cases the signal reflects fluctuations in the electron concentra-
tion, which are associated with the dynamics of ionospheric dis-
turbances (such as the travelling ionospheric disturbances, TIDs), 
the source of the generation of such TIDs must be determined, and 
the role of that source can play the internal gravity waves (IGWs) 
[1,2] and acoustic gravitational waves (AGWs) [3,4] in the neutral 
component, which, in turn, are excited by impulse type sources of 
different natures [5-8] (see also [9]). For example, theoretical stud-
ies [10-12] first predicted phenomena such as the generation of 
two-dimensional IGWs solitons in the regions of sharp gradients of 
the main ionospheric parameters (on the fronts of solar termina-
tor and solar eclipse spot). These received qualitative confirmation 
in the experiments on ionospheric sounding [13-16]. However, it is 

well known that there are no direct methods for the measurement 
of neutral component dynamic parameters, i.e. IGW characteris-
tics, on ionospheric heights. Thus, the calculation of quantitative 
dynamic IGW characteristics from the measured data is definitely 
still relevant at present.

Let us consider here the problem set above on the example of 
one of the most effective (from the point of view of the dynamic 
process study method) of the ionosphere-sounding method of re-
cording the Doppler frequency shift (DFS) of the reflected main 
pulse. Please note that there are two types of problems in IGW 
studies by the DFS method that coexist and compliment each other:

•	 Study of the DFS response to IGWs with a priori known pa-
rameters (e.g., under a known or modeled mechanism of the 
IGW excitation), i.e., the direct problem, and

•	 Interpretation of the recorded IGWs in terms of wave distur-
bances of the neutral component, i.e., the inverse problem.

Citation: Vasily Yu Belashov. “Solution of Direct and Inverse Problems in Investigations of the Internal Gravity Waves Dynamics in Ionosphere Using the 
Doppler Frequency Shift Method". Acta Scientific Applied Physics 2.2 (2022): 03-06.



In the current research, problems of both types are considered 
analytically, and their solutions are obtained in a form that is conve-
nient for practical use. Despite of the work in which the problem of 
DFS reconstruction of the neutral plasma component velocity field 
was raised for the first time [17], we will not introduce here restric-
tions on the spatial dimensions of the disturbances and, following 
the results of our previous work [11], consider the DFS variations 
for IGWs moving at near-to-horizontal angles.

Direct and inverse problems

In the isotropic case, disturbance of the radio wave phase 

 
leads to a Doppler frequency shift

 

where ω−= NNn /1  is the refraction index and δN are the elec-
tron density and its disturbance. Considering region F of the iono-
sphere, where oxygen atom and ion are dominant in the neutral 
and ionic component respectively, let us write an equation of conti-
nuity for N in the form [6].

where uz is vertical component of the neutral particle velocity; ν 
is the delay constant in the disturbance of the ionized component 
relating to the neutral one; t' = t - t0 , t0 is the time of disturbance 
start in the neutral component; iH  is the scale height for ions; I is 
the magnetic inclination; IDHzD i

2
0 sin)/(exp α= , αD  is the coef-

ficient of ambipolar diffusion;  and Q are the 
coefficient of recombination and velocity of ion formation, respec-
tively.

Approximating the concentration profile of charge particles 
about a reflection point by the exponent, )/(exp0 iHzNN = , and 
integrating the right hand side of the equation (1), taking into ac-
count (2) within the limits of iHz =  to z = 0, we obtain for the 
Doppler frequency shift.

where 0hhz −= ; θ−θω−=∆ ,/)(1cos)/(2 0NzNckz  is the an-
gle between wavevector and the vertical at level z. The integral in 
the right hand side of (3) can be calculated by asymptotic Taylor 
expansion at 0→iH :

where iHz 258.0−≈ ; ; 0|),,()0( == zzz tyxuu . 
Then, introducing function NQq β= / , at the level of 0=z , which 
corresponds to a reflection point, we obtain from (3).

Equation (4) is the solution of the direct problem formed above. 
Reversing equations (3), (4), we easily find uz as a function of for 
the inverse problem solution.

Let us write out solutions of the direct and inverse problems in 
case of ie TT = : 

Let us remark that, at about noon time, when processes of ion-
ization and recombination in ionosphere relatively counterbalance 
each other, i.e. 1≅q , the equations in (5) become even simpler. 
During nighttime conditions, ion formation is almost absent, and 

0=q .

The results of calculations according to formula (4) for condi-

tions in the F-region of the ionosphere correspond to the real con-
ditions when ie TT =  (solutions (5) are valid), θ 
= 0 (vertical sounding), (region of the magnetic latitude 
), , 0=q  (night), and when 

zu  is a 2D soliton solution of the generalized Kadomtsev–Petviash-
vili equation (GKP equation) for the upper atmosphere (obtained 
by Belashov [5], see also [9]) are shown in figure 1.
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Note that variations Dω  of this type have been repeatedly ob-
served in numerous experiments of Doppler sounding of the iono-
sphere, which, when the results of this work are taken into account, 
can be interpreted as the effect caused by moving solitary struc-
tures in the F-region − 2D IGW solitons.

Conclusion

The obtained solutions of the direct and inverse problems are 
clear and quite convenient for practical use in problems related 
to the identification of IGW disturbances in the records of the in-
dicated DFS signal during ionospheric Doppler sounding of the 
ionosphere. This representation of the link between DFS and the 
vertical component of the neutral particles velocity is convenient, 
because a preliminary reconstruction of the electron density pro-
file over the disturbance velocity field is not needed to solve the di-
rect problem of computation of the Doppler shift. When solving the 
inverse problem, we can immediately reconstruct the velocity field 
of the neutral component from the Doppler shift records - directly 
from the dopplerogram. The presented particular example clearly 
illustrates the practical significance of the obtained results in stud-
ies of IGWs by the DFS method.

The obtained results are currently of particular importance for 
the detection of soliton-like wave “forerunners” in the F-region, 

which are generated in regions of steep gradients of the basic iono-
spheric parameters during the motion of the solar eclipse spot and 
solar terminator [12,18,19] and are observed in numerous iono-
spheric sounding experiments [13-16]. The results can also be use-
ful in for problems related to the impulse impact on the ionosphere 
of sources such as seismic events [7] and land-surface artificial ex-
plosions [8].

Figure 1: Profile u = uz / √gH  for the IGW soliton of the KP equa-
tion for the upper atmosphere and corresponding DFS variation.
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