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Abstract

Though it is known that diffusion constant plays an important role in analyses of transport characteristics of physically-confined 
wire-type transistors and prediction of the Seebeck coefficient of materials, generally speaking, the computation technique is not so 
easy. This paper theoretically elucidates the significant impact of crystal orientation and conduction band nonparabolicity on the 
estimation of the diffusion constant of Si nanowires confined by various surfaces. In this paper, an analytical expression of the dif-
fusion constant that is valid at around room temperature is approximately derived based on the quantum statistical physics, and its 
behaviors are numerically examined in detail. For the case of Si wires, it is shown that the diffusion constant is insensitive to width 
of wire cross-section if the physical confinement is provided by the (111) surface, while it rapidly falls as the width is reduced for 
confinement by the (001) surface or (110) surface, regardless of nonparabolicity factors. It is suggested that such behaviors of the 
diffusion constant are primarily determined by the characteristic time. These behaviors of diffusion constant offer selective applica-
tion to energy harvesting or to wire-type MOS devices for integrated circuits.
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Introduction
The electrochemical property of one-dimensional materials, 

which includes Si wire, is attracting intense attention because such 
materials can realize energy-conversion devices through the See-
beck effect [1-4] and the photochemical effect [5]. The low thermal 
conductivity of Si nanowires is also attracting attention [6,7]. Even 
though extensive simulation studies of such structures have been 
performed [8], several physical parameters must be reconsidered 
because the bulk properties of Si material are expected to alter 
with scale reduction [8].

In addition, nano-scale-wire gate-all-around (GAA) MOSFETs 
are attracting attention due to their suppression of short-channel 
effects, less variation in device performance, and other attractive 
characteristics [9,10]; the device physics are based on majority 
carrier transport. Accordingly, little attention has been paid to the 
minority carrier behavior in scaled devices [11-13] because few 
important LSIs are minority carrier devices. However, it is expect-
ed that nano-scale pn-junction structures will play an important 
role in extracting the physical parameters of nano-scale semicon-
ductors [14], and in understanding the band structure of confined 
semiconductor materials [15].
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Though it is known that diffusion constant plays an important 
role in analyses of transport characteristics as mentioned above, 
generally speaking, the computation technique is not so easy. In 
most cases of theoretical calculation of diffusion constant, the first 
principle approach is used [16-18]. It usually wastes much time 
and the model must be changed for each subject. As a result, a more 
useful model for calculations is requested. Then, in this paper, a 
possible theoretical model for electrons is proposed and numeri-
cally examined. The author’s research group already investigated 
theoretically how to estimate the diffusion constant of electrons at 
room temperature in silicon wires and proposed a feasible semi-
microscopic theoretical model [19,20]. However, we didn’t address 
thoroughly the impact of crystalline orientation and conduction 
band nonparabolicity on the diffusion constant [21]. Therefore, 
this paper discusses the impacts of those physical conditions of 
conduction band on the diffusion constant at or around room tem-
perature from the viewpoints of practical applications.

Methodology
Theoretical base for diffusion constant model

This section briefly reviews the theoretical base. Fluctuation-
dissipation theorem gives us the complex admittance parameter 
to characterize the system [22]. When an isotropic random media 
with the fixed array of sites is assumed, the scalar ac conductivity 
σ(ω) is given by the generalized Einstein relation as
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Where D(ω) is the generalized diffusion constant, n is the elec-
tron density, q is the magnitude of electronic charge, and d is the 
dimensionality. Here it is assumed that the dominant flow of parti-
cles is effectively along the x-axis, and '( , | )P x i xω  is the Fourier 
transformation of the probability density of finding a particle at 
site x. For the one-dimensional (1D) transport system (d=1), D(ω) 
is expressed as [22].
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We have to evaluate '( , | )P x i xω  in order to know the behav-
ior of D(ω). However, it is still difficult to do that on the basis of first 

principles. Though '( , | )P x i xω  can be theoretically described 
by the master equation based on the probability density [19], the 
corresponding Hamiltonian is too complex to calculate for this pur-
pose. Therefore, we have to reconsider the calculation technique 
of D(ω).

Odagaki and Lax demonstrated that the limit of ω-> 0+ for D(ω) 
yields a meaningful result in the case of the percolation model [22]. 
The limit of ω-> 0+ is also taken for the present topic; the static lim-
it of the diffusion constant, D(0+), is given. The stochastic motion 
of particles at the low-field limit yields Einstein’s relation, which 
suggests that the group velocity given by the averaged energy of 
particles rules particle transport. At the low-frequency limit (ω-> 
0+), the average trace of particle loci over a certain period should 
be ruled primarily by a low frequency component because high-
frequency parts would automatically cancel each other out owing 
to the random-phase behaviors of particles [23-25]. This yields:
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Where Tv is the time constant that characterizes the behavior of 
particles whose velocity is ‘v’ and v(0+)x-x’

2 means the square of the 
mean velocity at the low-frequency limit. In Eq. (4), it is anticipated 
that Tv corresponds to the characteristic time to yield the diffusion 
process of particles.

Assuming the diffusion process is ergodic, the random phase 
approximation is available over the time, so the following approxi-
mate expression for D(0+) can be introduced:

This deduction is, in theory, valid provided the temperature is 
sufficiently high, and Tv works as the effective relaxation time from 
the initial state of particles to the final randomized state. When a 
sufficiently long wire is assumed, the above physical image is ac-
ceptable.

If, for simplicity, it is assumed that the thermalization process 
of carrier transport is dominated by the primary spectrum of the 
diffusion process, Equation (5) can be approximated for the wire 
as [20,26]:
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Where it is deduced that T~  is the characteristic time restricting 
the primary spectrum of carrier diffusion, v is the one-dimensional 
carrier velocity, and f(v) is the distribution function of the velocity 
of the one-dimensional carriers. Details of T~  are given in Appen-
dix 2. In this calculation, quantum-mechanical averaging is applied 
to <v2> because the distinct electronic states of the one-dimension-
al system must be taken into account; i.e., the quantum states of 
subbands are not entirely smeared by the thermal energy in very 
narrow semiconductor wires.

Figure 1: Crystalline orientation of Si and Ge-wire surfaces. (a) 
Confined by (001) and (010) surfaces, (b) Confined by (001) 
and (011) surfaces, (c) Confined by (111) surfaces. Copyright 

2017, One Central Press; www.onecentralpress.com/functional-
nanostructures-proceedings.

For electrons traveling along the x axis (See figure 1), <v2> is 
expressed as
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Where “s” is the valley index, Dos
(s)(E) is the volume density of 

states of one-dimensional electrons occupying the specific valley 
s, and mx

*(s) is the effective mass of electrons occupying the spe-
cific valley and traveling along the x axis. Suffixes i and j denote the 
quantum numbers in confinement directions. A related calculation 
is explained in Appendix 1. The denominator denotes the volume 
density of one-dimensional electrons:
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In the following calculations, six equivalent X valleys for Si are 
considered when calculating all the physical parameters discussed 
in this paper. In calculating the electron density, the Fermi level for 
the one-dimensional system is self-consistently introduced (See 
Appendix 3) [27].

The previous paper [20] discovered that we need the decoher-
ence length (λdc) to estimate the characteristic time T~ . Since the 
diffusive process of electrons means the disappearance of the co-
herent nature of electrons, we must determine the decoherence 
length. Comparing simulation results of the electron mobility cal-
culated using the diffusion constant with other reliable simulation 
results and experimental results [28-33], it is concluded that the 
use of the de Broglie wavelength as the decoherence length is the 
most plausible understanding in accepting aspects of the diffusion 
constant model assumed here. However, a valid physical reason 
why the de Broglie wavelength gives such appropriate results must 
be investigated in the future.

In this paper, impacts of conduction band non-parabolicity on 
the diffusion constant are also investigated. This paper introduces 
the following model for the conduction band non-parabolicity:
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Where α is the non-parabolicity parameter (units of eV-1), m* is 
the effective mass of electrons. Since the effective mass depends on 
transport direction, its value changes with the crystalline orienta-
tion shown in figure 1.

In addition, it was also investigated how the physical confine-
ment modulates the value of α for Si material [32], and it was dis-
covered that its value is much smaller in the confined system than 
the conventional value shown in table 1 when the nonparabolic 
band model given by Eq. (9) is assumed; that is, α1 = 0.1 eV-1 for 
m*

l,non-para and α2 = 0.05 eV-1 for m*
t,non-para [34], where m*

l,non-para is the 
longitudinal effective mass in the non-parabolic band and m*

t,non-para 
is the transversal effective mass in the non-parabolic band. The ex-
pressions for m*

l,non-para and m*
t,non-para are given as [34]:
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Where m*
t,par is the parabolic-band transversal effective mass of 

electrons, m*
l,par is the parabolic-band longitudinal effective mass of 

electrons, α1 is the nonparabolic factor for the transversal effective 
mass, and the α2 is the nonparabolic factor for the longitudinal ef-
fective mass.

Based on the models given in Eqs. (9) and (10), this paper ex-
amines how the conduction band non-parabolicity influences the 
diffusion constant of Si wires.

Simulation Results and Discussion
Diffusion constant of Si nanowires

In this subsection, the impact of crystalline orientation of Si 
nanowire surface on the diffusion constant is discussed. The crys-
talline orientation of Si nanowires assumed here is shown in figure 
1 [21]; the confinement surface is (010), (011), or (111). In the case 
of (111) surface confinement, the wire cross-section is a rhombus 
shape, not a square, due to the crystalline structure.

Figure 2: Diffusion constant of Si wires as a function of width of 
cross-section. (a) Parabolic band model, (b) Nonparabolic band 
model (α= 0.5 eV-1). Copyright 2017, One Central Press; www.
onecentralpress.com/functional-nanostructures-proceedings.

Calculated diffusion constant values of Si nanowires are shown 
in figure 2 [21]. Physical parameters assumed in the simulations 
are summarized in table 1. In figure 2, Equation (9) is assumed 
with α = 0.5 eV-1. Figure 2a shows the results gained when assum-

ing a parabolic band structure for the conduction band, and figure 
2b shows those when assuming the conduction band exhibits non-
parabolicity. The diffusion constant slightly depends on the con-
finement geometry even for large dimensions. When the parabolic 
band is assumed, the diffusion constant for <111> confinement is 
almost insensitive to nanowire size in the present model, while the 
diffusion constant for <111> confinement slightly falls with wire 
size when we assume the non-parabolic band structure, where α = 
0.5 eV-1. On the other hand, for <001> confinement and <011> con-
finement, the diffusion constant rapidly falls regardless of the con-
finement geometries as wire cross-sectional dimension is reduced.

Parameters Values Units Refs.
Nonparabolicity 
factor (α)

For Si (3 D) 0.5 eV-1 [46]

For Si (ml, 1 D) 0.1 eV-1 [34]
For Si (mt, 1 D) 0.05 eV-1 [34]
Energy bandgap

Si
1.12 (300K)

eV [47]
Effective mass of 
electrons (Si) X 
valleys

mt/m0
0.19 [47]

ml/m0 0.98 [47]

Table 1: Physical paremeters assumed in simulations.

In order to analyze these behaviors of diffusion constant, wire 
width dependences of the electron volume density n1D, the char-
acteristic time T , and <v2> are calculated and shown in figure 3, 
where it is assumed α = 0.5 eV-1. Figure 3a shows the one-dimen-
sional volume density (n1D) as a function of wire width, Figure 3b 
the characteristic time ( ) as a function of wire width, and figure 
3c <v2> as a function of wire width.

The electron volume density falls rapidly regardless of the con-
finement geometry as wire width is reduced.

The characteristic time for <001> confinement (Figure 1a) and 
<110> confinement (Figure 1b) falls as wire width is reduced, 
while it is almost insensitive to wire width for <111> confinement. 
<v2> slightly falls as wire width is reduced regardless of the con-
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finement geometry. Accordingly, the characteristic time restricts 
the behavior of the diffusion constant, which suggests that the time 
necessary to establish the diffusive process of carriers rules the dif-
fusion constant.

Though the influence of conduction band non-paraboliciy oh 
the diffusion constant was examined, Equation (9) does not take 
account of the physical confinement of wires. So, diffusion constant 
values of Si nanowires recalculated using Eqs. (10a) and (10b) are 
shown in figure 4 as functions of the width, where two different 
values of non-parabolic factors (α1 and α2) are assumed in simula-
tions. It is seen that the behaviors of diffusion constants are rough-
ly the same as those seen in figure 2b. In other words, it can be 
stated that the impact of conduction band non-parabolicity on the 
diffusion constant is not sensitive to the non-parabolicity factor.

Figure 3: One-dimensional volume density of electrons (n1D), 
characteristic time (T~ ), and <v2> for Si wires as a function of 

wire width. (a) n1D, (b) T~ , (c) <v2>.

Calculation results of the temperature dependence of diffusion 
constant are shown with the parameters of wire and confinement 
surface in figure 5, where the temperature dependence of energy 
gap is taken into account [35]. Figure 5a shows those under the as-
sumption of the parabolic band structure of the conduction band, 
and figure 5b shows those with the assumption of non-parabolicity 

Figure 4: Diffusion constant as a function of Si wire width. Non-
parabolic band model is assumed (α1 = 0.1 [eV-1] for ml,non-para* 

and α2 = 0.05 [eV-1] for mt,non-para*).

of the conduction band. It is seen that the diffusion constant for 
<111> confinement is almost insensitive to temperature range 
from 200 K to 400 K, but for <001> confinement and <011> con-
finement, the diffusion constant falls regardless of the band struc-
ture as wire width is reduced.

Additional points on device applications

In the above subsections, this paper detailed a theoretical pre-
diction of the behaviors of diffusion constant of Si wires, where it 
was revealed that the diffusion constant of Si wires with (111) sur-
face confinement is not sensitive to wire width. According to the 
above simulation results, the following should be stated from the 
viewpoint of device applications:

• The Gate-all-around (GAA) MOSFET [36] is attracting atten-
tion because its immunity to short-channel effects is very ro-
bust [37]. However, physical confinement by (111) surfaces 
is recommended for Si wires in order to suppress the degra-
dation in diffusion constant because it offers relatively high 
electron mobility [38].

• Z2-FET [39] is also attracting attention as a possible can-
didate for memory devices [40] or conventional switching 
devices. The author of this paper mentioned that Z2-FET 
shows stable switching transition only when carrier diffu-
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Figure 5: Diffusion constant of Si wires as a function of  
temperature. (a) Parabolic band model, (b) Nonparabolic band 

model (α= 0.5 eV-1). 

sion length is smaller than the gate length or the offset re-
gion length [41]. Since, in this sense, the diffusion length of a 
Si wire confined by (100) surfaces is drastically reduced for 
cross-sectional areas less than 10nm x 10nm, this is a merit 
in designing Z2-FETs. However, this negatively impacts de-
vices with the same energy band alignment in peripheral 
circuits.

• It is expected that Si wires confined with the (001) surface 
or the (110) surface have good potential for energy har-
vesting because they have a better Seebeck coefficient [42]. 
Though, in this sense, the diffusion length of a wire confined 
by (100) surfaces or (110) surfaces is drastically reduced 
for cross-sectional areas under 10nm x 10nm, which nega-
tively impacts devices intended for peripheral circuits that 
use the same confinement geometry. Accordingly, devices for 

peripheral circuits should have different energy band align-
ment from that of wires.

Thus, the theoretical consideration and discussion presented in 
this paper should prove very fertile in terms of future applications 
of Si materials.

Conclusion
This paper discussed theoretically the significant impact of 

crystal orientation and conduction band nonparabolicity on the 
estimation of the diffusion constant of Si nanowires confined by 
various surfaces. The calculations used applied quantum-mechani-
cal averaging to the physical parameters because we must take ac-
count of the distinct electronic states of the one-dimensional (1-D) 
system. In this paper, an approximate analytical expression of the 
diffusion constant that is valid around room temperature was de-
rived, and its behaviors were numerically examined.

For the case of Si wires, it has been shown that the diffusion 
constant is insensitive to wire cross-section width for physical con-
finement with (111) surfaces, while it rapidly falls as the width is 
reduced for confinement with (001) or (110) surfaces. Though this 
characteristic is roughly independent of values of the nonparabol-
icity factor, the characteristic is slightly impacted by the nonpara-
bolicity of the conduction band. Note that Si nanowires confined 
by (001) and (011) surfaces don’t show such interesting behavior.

Overall, it is suggested that the above diffusion constant behav-
iors are primarily ruled by the characteristic time. When the trans-
versal effective mass and the longitudinal effective mass are mixed 
in electron transport, the characteristic time is apt to be insensitive 
to wire width.

These behaviors of diffusion constant are selectively applicable 
to energy harvesting or wire-type MOS devices for integrated cir-
cuits.

Appendix 1: Calculating <v2>

Here it is assumed that a rectangular Si wire device lying along 
the x-axis with side surfaces parallel to (100) as shown in Figure 
1(a), is confined along the <010> and <001> axes. The diffusion 
constant is theoretically calculated for the nondegenerate condi-
tion in the following because our discussion focuses on carrier 
transport around room temperature.
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When Boltzmann’s profile around room temperature is as-
sumed as the carrier distribution function, we can approximate Eq. 
(7) as follows.

( ) ( )1 exp F
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E Ef E f E
k T

 −
 − ≅   

 
-------(A.1)

This expression is valid for Ei,j, Em,n >EF, where Ei,j and Em,n denote 
the subband energy levels. Using Eq. (A.1), we have the following 
expression for Eq. (7):

Where Syz is the cross-sectional area of the wire and n1D is the 
one-dimensional electron density per volume given by:

Where ml* and mt* are the longitudinal and transversal effective 
masses of conduction band electrons, respectively.

Appendix2: Calculating T
~

 

In addition, parameter (T~ ) must be calculated as it character-
izes the diffusion process, effectively the primary spectrum of the 
diffusion process as suggested in Section 2. It can be considered 
that the diffusion process is the result of quantum decoherence. 
Here, it is assumed that the decoherence length is represented 
by the de Broglie wavelength [20]. In such diffusive systems, it is 
known that mesoscopic transport can usually be analyzed with 
the equivalent Landauer formula for nonequilibrium Green’s func-
tions, where the local thermodynamic potential is used in the 
analysis [43]. It is known that the local thermodynamic potential 
defined over the thermal de Broglie wavelength produces reason-
able results [44,45]. Though these theoretical simulations don’t 

directly state that the de Broglie wavelength is equivalent to the 
effective mean-free path length, it is reasonable to treat the ther-
mal de Broglie wavelength as one candidate of specific meaningful 
length characterizing the thermalization process. It was numeri-
cally examined in a previous paper [20] whether the thermal de 
Broglie wavelength can be used as the characteristic length. The 
simulation results of that paper strongly suggested that the use of 
de Broglie wavelength is valid for this purpose. Therefore, the de 
Broglie wavelength is applied as the decoherence length (dc) in 
the theoretical calculations of diffusion constant in this paper.

In the diffusion process, it is anticipated that carriers traveling 
along the x-axis are characterized by their group velocity at quasi-
equilibrium. Thus, T~  is approximately expressed as
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Where λdc is the decoherence length that characterizes the dif-
fusion process and xv~  is the effective carrier velocity along the x 
axis; here, it is expected that xv~  is identical to the group veloc-
ity of diffusion carriers along the x axis as is described above. It 
is assumed here that a rectangular Si wire device lying along the 
x-axis with side surfaces paralleling (100) as shown in Figure 1(a), 
is confined along the <010> and <001> axes. T~  is approximately 
calculated as [20].
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Where the quantum energy levels are represented, for simplic-
ity, with the label of Ei,j. This expression of T~  strongly character-
izes the diffusion process as is discussed below because it is sensi-
tive to the factor of exp F ijE E

kBT
− 

 
 

 .

Appendix 3: Fermi level of semiconductor wires

The Fermi level of a rectangular nanowire can be calculated by 
the following relation.
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∞
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Where mde* is the density-of-state effective mass. ND is the 
doping level of donors, ED is the energy level of donors, and MC is 
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the number of equivalent valleys; MC =6 for Si. When we assume 
EC>>EF, we have

2
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For EF <ED, the above equation can be approximately calculated 
by the expansion method as:

2 2
1 1
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