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Abstract

On the basis of the analytical and numerical approaches the stability and dynamics of interaction of the multidimensional soliton-
like solutions of the generalized nonlinear Schrödinger equation, which describes the waves in a plasma, fiber and planar optical 
waveguides, taking into account inhomogeneity and nonstationarity of propagation medium, is studied. The sufficient conditions of 
stability of the 2-dimensional and 3-dimensional solutions are obtained, and it is shown that even in the simplest 1-dimensional case 
the GNLS equation can have stable and quasi-stable solutions of the soliton and breather types and also unstable solutions which 
disperses with time. Obtained results can be useful in numerous applications in plasma physics, nonlinear optics and in many other 
fields of physics.
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Introduction
If in the BK1 system [1,2]:
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operator has form 2/][),(Â 22 a+∂b-g= xuiut , that it is the 3-di-
mensional (3D) generalized nonlinear Schrödinger equation (3-
GNLS) [3]:

'd2/ )(
22 fxuuuiuuiu x
xt +∆s=a∂b-g+∂ ∫ ∞- ⊥+ ,                  (2)

where and u)2/(a  describes 
dissipative effects, and u is an envelope of the wave packet (pulse). 
Equation 3-GNLS (2) describes the dynamics of the envelope of 
modulated nonlinear waves and pulses (wave packets) in disper-
sive media and has many important applications in plasma physics 

(for example, it describes the propagation of the Langmuir waves 
in a hot plasma), nonlinear optics (propagation of light pulses in 
crystals, optical fibers and flat optical waveguides), it describes, in 
particular, such phenomena as turbulence, wave collapse and opti-
cal self-focusing. Equation (2) is also used in other areas of physics, 
such as, for example, the theory of superconductivity and low-tem-
perature physics (in particular, the usual NLS equation is a simpli-
fied 1D form of the Ginzburg-Landau equation [4], first introduced 
by them in 1950 when describing superconductivity), low-ampli-
tude gravitational waves on the surface of a deep inviscid liquid, 
etc. Note, that 3D equation (2) is not completely integrable, and its 
analytical solutions are unknown in general case (except, perhaps, 
for smooth solutions like solitary waves). But, using the approach-
es developed in [5, 6] for other equations of the BK system [the 
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GKP equation, when in (1) )(),(Â 32
xxxxuut ∂g-∂b-ν∂-∂a=  and 

the 3-DNLS equation, in case if )(||3),(Â 222 ν+λ∂-∂= iupsut xx ], 

we can investigate the stability of possible solutions to the 3-GNLS 
equation, that is the purpose of this paper.

Analysis of the solutions’ stability

Let us write (2) with a = 0 (3-NLS equation) in Hamiltonian form: 

                                                                                         (3)

where 
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Using the method detailed in [1, 5, 6], we investigate the stabil-
ity of 2D and 3D solutions of equation (2). At this, the problem for 
equation (3) is formulated in the form of the variational equation

, the meaning of which is that all finite so-
lutions of equation (3) are stationary points of the Hamiltonian H 
at a fixed value of the momentum projection Px . In accordance with 
Lyapunov’s stability theorem, in a dynamical system, the points 
that correspond to the minimum or maximum of the Hamiltonian 
H are absolutely stable. If the extremum is local, locally stable solu-
tions will correspond to it.

Let us consider the deformations of H conserving the momen-
tum projection xP :

The Hamiltonian takes form 22121),(H ---- hz-z+hz=hz cba  
with the coefficients 

∫g= rd)2/( 4ua , ∫ ϕ∂b= rd* xuub , ∫ ∂∇s= ⊥ rd)()2/( 2wc x .

From the necessary conditions of the extremum, 0H,0H =∂=∂ hz , 
we find, at once, its coordinates: 

where b < 0 if h ∈ R ⊂ C since a > 0, c > 0 by definition, and b > 0 
if h ∈ C. Sufficient conditions of a minimum at point (zi, hj) are the 
following:

Solving this set of the inequalities we obtain that for the waves in 
case b < 0 (positive nonlinearity)  

whence it follows that  that is the Hamilto-
nian is bounded from below. At b > 0 (negative nonlinearity): 
the change b→ -b is equivalent to change y → -iy, z → -iz and 

, that is the Hamiltonian is not bounded from 
below (it is bounded from above). 

So, we have proved the possibility of the existence of stable 3D 
solutions in the 3-NLS model and obtained the conditions of their 
stability, that is, we have found the ranges of values   of the coef-
ficients of the equation (the variable in time and space characteris-
tics of the medium) when the 3D solitons are stable. 

Confirmation of the analytical results by numerical simulation

The results of numerical modeling of the 3-GNLS equation for 
the general case of an inhomogeneous and nonstationary medium 
confirm the conclusions made on the basis of an analytical consid-
eration of the problem. As an illustration, Figures 1 and 2 show the 
results obtained for s = 0 (1D case) and initial conditions in form 
of the soliton-like envelope pulse: 

( ) )/(exp0, 2 lxAxu -=

and 

( ) ]/)5([exp]/)5([exp0, 22 lxAlxAxu +-+--= ,

respectively, in the simplest case of the NLS equation with b, g = 
const (stationary medium); a, f ’ = 0 at negative nonlinearity, b > 
0. In this case b > 0 and the Hamiltonian H > -3bd/(1+2d 2), and 
therefore the stability condition for negative nonlinearity, H < 
-3bd/(1+2d 2), is not satisfied, and, as can be seen from the figures, 
we observe the scattering of the envelop pulses with time. 

Figure 1: Evolution of the Gaussian envelop pulse at A = 2, l = 2;  
β = 0.5, γ = 0.
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Figure 3 shows two examples of the results of evolution of the 
Gaussian pulse in a nonstationary medium with negative nonlin-
earity when the stability condition H < -3bd/(1+2d 2) is satisfied. 
As a result of evolution, in this case, the appearance of powerful 
stable pulsations of the breather type from the initial solitary pulse 
is observed. 

Figure 2: Evolution of the Gaussian 2-pulse envelop perturbation 
at при Α = 1, l = 4; β = 0.5, γ  = 0.

Figure 3: Evolution of the Gaussian envelop pulse in nonstation-
ary medium at α, f ’ = 0: а) β = 0.5, γ = -1+0.01sin 2πt ; b) γ = -1, 

β(t) = - 0.5 for Τ ≤ 5 and β(t)= 0.5(1+0.2sin 2πt) for t >5; the cases 
of negative nonlinearity.

The examples of the interaction of the soliton-like initial pulses 
of form 

                           (4)

at negative nonlinearity in the GNLS model are shown in figures 4 
and 5, respectively. In the first case, the stability condition is not 
satisfied, and at the first stage we observe the appearance of one 
powerful pulse from a 3-pulse initial perturbation and then, with 
time, its decay into two pulses of small amplitude. In the second 

case, the stability condition is satisfied, and a stable evolution of 
the 2-pulse perturbation takes place. In numerical experiments, it 
was also found that for weak negative nonlinearity, when the sta-
bility condition is satisfied, the transition from stable evolution to 
the regime of stable pulsations (breathers) occurs when the initial 
distances in (4) between pulses decreases.

A detailed numerical study of the problems of evolution and in-
teraction of 2D and 3D pulses in the 3GNLS model was presented 
in [3, 7-9].

Figure 4: Interaction of the three GNLS pulses (stationary me-
dium) at γ = -1, β = 0.25; a case of weak negative nonlinearity.

Figure 5: Lack of the GNLS impulses’ interaction (stationary  
medium) at  γ  = -1, β = 0.05; a case of negative nonlinearity.

Conclusion
Summarizing the results, we note that we have analytically ob-

tained the stability conditions for soliton-like solutions of the GNLS 
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equation, which are confirmed by numerical study of cases of stable 
and unstable (with the formation of breathers) evolution of pulses 
of various shapes, as well as the interaction of 2- and 3-pulse struc-
tures, leading to the formation of stable and unstable solutions.
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